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ABSTRACT
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1. Main results

The problem of determining critical Fujita exponent is an interesting one in the
general theory of blowing-up solutions to different nonlinear evolution equations
of mathematical physics. See the survey [L2] where a full list of references is
given.

In this paper we consider three problems for parabolic equations of nonlinear
heat conduction type with nonlinear boundary constraints having critical Fujita
exponents.

The first one is formulated for the heat equation:

U = Ugpy forz >0, t>0;
(H) —Uy = uP forz=0, t>0;
w(0,2) = up(z) >0 for z > 0; supug < oo,
—u}(0) = uB(0),

where p is fixed and satisfies

(11) p>po=1.
The second problem is a generalization of the previous one to the porous media
equation:
= (U")zz forz >0, t>0;
(Pm) —(u™) =uP forx =0, t>0;

u(0, ) = up(x) >0 for z > 0; supug < 00,

sup |(uf~!)’| < oo, up has compact support,
— (ug")'(0) = uf(0).

Here m > 1 and

m+1

(1.2) p>p0= —2—.

The third problem is stated for the heat conduction equation with gradient
dependent diffusion (again with m > 1):

up = (Jug|™ tug)e  forz>0, t>0;
(Gm) —|ug |y = wP forz=0, t>0;

uw(0,z) = up{z) >0 for x > 0; supup < 00,
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sup |ug| < oo, up is compactly supported,
— lug(0)] = u§(0).
The constant p is assumed to satisfy the assumption
2m
(1.3) P>po= p——h
Local in time existence of positive classical solutions of the problem (H) (see
[F]) or nonnegative weak compactly supported solutions to problems (P,,) and
(Gm) and comparison arguments are well-known. These questions for the degen-
erate equations given in (P,,) and (G,,) are discussed in a survey [K]; see the
full list of references therein. Blowing-up solutions of the problem (H) have been
studied in many papers, see, e.g., [LP], [BGK], [Fi], [FQ], [GKS], [L2], [SGKM,
Chapter III]. Notice that lower bounds (1.1), (1.2) and (1.3) for problems (H),
(Pm) and (G, ) resp. are needed for blowing-up of any solution with large enough
initial data. It is easy to show that if p < po (p > 0) then for arbitrary initial
functions the solution is global in time. This is done in Remarks 2.2, 3.1 and 4.1.
We denote by p. (> pp) the critical exponent of Fujita type. By definition, this
means that p. has the following properties:
(i) If p < p. (p > po), then u(x,t) # 0 blows-up in a finite time for all
nontrivial ug,
(ii) if p > pe, then u(x,t) is global in time for “small” ug £ 0.
Case (i) is called the blow up case while case (ii} is called the global existence case.
The terminology used in the second case is employed because there are global,
nontrivial solutions in this case which is not the case in case (i). Analogously,
we could call pg the critical global existence exponent since it has the following
property: If p > pg, there are always nonglobal solutions of each of the three
problems listed above while if p < pg, every solution of each the above three
problems is global.
We now state the main results of the paper.
THEOREM H: For problem (H) p. =2, po = 1.
THEOREM P: For problem (Pp,) po =m+1, po = 3(m + 1).
THEOREM G: For problem (G,,) p. = 2m, pp = '2—7-:1'
It is interesting to compare results given above with the critical value (p})

for the Cauchy problem for equations with source and the same heat operator.
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Consider first the equation corresponding to Theorem H and P:
(1.4) u = (U")ge +v*¥  forzeR, t>0,

where m > 1 and p > 1. The critical exponent for (1.4) is p} = m + 2, see
[GKMS)] and [L2], [SGKM, p. 208]. For the equation with gradient-like diffusion
and source

(1.5) u = (Jug|™ ug)e +uP forzeR, t>0

the critical value is p} = 2m+1, see [G1] and [L2]. The fact that in both of these
last two equations, p} belongs to the blow up case has been proved in [G2].
Thus in both cases we have p. = p} — 1.

2. Proof of Theorem H

We shall use a modification of an argument of Kaplan introduced in [BL].

2.1  u(x,t) blows up for large uy.

Let
(2.1) é(z) = 2\/;—’“" in R,
where k > 0 is a constant. Then one can see ¢/(0) = 0,
(2.2) ¢"(z) > —2k¢(x) in Ry,
and

(2.3) /0 ~ p(z)dz = 1.
Define

(2.4) F(t) = /0 "z, £)6(2)dz.

Assume now that ug(z) is a non increasing function and u(x))0 as x)oo. Then
by the Maximum Principle {F, Chapter II] we have that u,(z,t) < 0 for z € Ry
and any ¢ in the existence interval. Hence

(2.5) F(t) <u(0,¢) fort>0.
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Then by multiplying the heat equation by #(z) and integrating over (0, c0) and
using the fact that under the above hypotheses, u,(z,t))0 as z)oo, we conclude
that F(t) satisfies

Fl(t) = /Ooo DUz, dx = —(b(o)uw(oat) + /Ooo UPze dT.

Hence, it follows from (2.2) and (2.5) that
F'(t) 2 ¢(0)FP(t) — 2kF(t)

_ 2\/§F(t) [Fri(e) - Vi)

for ¢ > 0. Thus, (2.6) implies that if

(2.6)

27) F(0) = / " uol@)(x) dz > (VEm)HED),
0

then F(t) blows up in a finite time. Hence, by (2.5) «(0, t) is not bounded on this
finite interval. The analysis for arbitrary ug large near z = 0 and not necessarily

monotone, can be easily done by comparison.

Remark 2.1: From the concavity arguments of [LP] we see that for p > 1 the

solution blows up in a finite time whenever the initial function ug(z) satisfies

1 ad 112 1 p+1
E A |u0| dzr < muo (0).

This is simply the statement that if the initial potential energy is negative, the
solution cannot be global. A similar statement can be written down and estab-
lished using concavity arguments for problems (P,, ) and (G,,,). However we shall
proceed somewhat differently in those cases.

2.2 AnyuZ 0 blowsup ifl<p<2.

Consider (2.7) more carefully. It is equivalent to the inequality

(2.8) 2\/E/°° uo(z)e " dz > (Vim)Y/ @D,
T Jo

Since ug # 0, we conclude that (2.8) is valid for arbitrarily small £ > 0 if

N
-

2(p-1)’

i.e., p < 2 whence the result.



130 V. A. GALAKTIONOV AND H. A. LEVINE Isr. J. Math.

2.3 Global small solutions for p > 2.
We shall look for a global supersolution of the following self-similar type:

(2.9) a(x,t) = (T+1)"VCED gy, 5= (—T—fmg

where T > 0 is a constant. By substituting (2.9) into the problem (H) we deduce
that @(x,t) is a supersolution if the function f > 0 satisfies

(210) £+ G0+ o <0 forn >0,
(211) ~£(0) 2 £7(0)

Set

(212) f(n) = Aeme ",

where A, a, b are positive constants. Then (2.10) becomes

(2.13) - 20+ 4a2b2] + ab(8a — 1)n+ a(da —1)n? <0

[ 1
2(p-1)
for n > 0, and (2.11) is valid if
(2.14) 2abe®?’ =1 > gp-1,

One can see that (2.13) is valid for any 0 < b << 1 if

(2.15) —2a<0 and 4a-1<0,

1
2(p-1)
i.e. if p > 2. Then (2.14) holds if A is small enough. Thus for p > 2 we have
constructed a class of global supersolutions of the form given in (2.9). Therefore
if up(z) < u(z,0) for x > 0, then u < @ on Ry x [0,T) where T is the length
of the existence interval for u by comparison. To see this, we first note that the

representation formula,

u(xv t) = ‘/Ooo G(‘T’ Y, t)uo(y)dy + ‘/0 uP(O, n)G(xa 0’ t— ﬂ)dn,

where

Gla,y,t) = (dmt) /2 [ e/t g =il /4]
is the Green'’s function for the heat operator in half-space satisfying G, (z,0,t) =
0, and the contraction mapping principle can be used to establish the existence
of a local, in time, solution with the same initial data as the supersolution. Since

the supersolution is global, the local solution can be extended to a global solution.
The details are more or less standard and we therefore omit them.
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Remark 2.2: If p < 1 all solutions with bounded initial values are global. In
order to establish this claim we define, for any C,a > 0,

u(x,t) = e“%(e_‘”” +C)
in the closed quarter plane {x > 0, t > 0}. If we fix a > 1 and take
a=(1+C)P,

then it is easy to see that % will be a supersolution for problem H with @(z,0) > C
which we may make as large as we please by choosing C sufficiently large. (The
condition on p is used in order to insure that the inequality e(1-p)a’t > 1 holds
fort>0.)

2.4 Any u # 0 blows up forp = 2.
We now use a somewhat different version of Kaplan’s argument introduced
in [BL]. From the representation formula preceding Remark 2.2, we have, with

p=2,

(2.16) u(z, t) = /000 G(z,y, uo{y)dy + /0 u2(0,7)G(z,0,t — n)dn.

Thus, we have
¢ 1 2 1 t 1
(2.17) u(0,t) > Co/ (t—n)"2u"(0,n)dn > Cot‘i/ u?(0,n) dn = Cot ™ F(t),
0 0

where Cy = \/g Then /tF!(t) > CoF(t) or

F’ 24—1
(2.18) 2 2G5t

After a quadrature, we have, for ¢t > ty > 0,

1 1 1 t
> — + >C2ln—.
F(tg) F(t) = F(to) "t

Thus, F(t) blows up in finite time and by (2.17) the same is true for u(0,t).
This completes the proof of Theorem H.
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3. Proof of Theorem P
In this section we consider problem (P,,) with m > 1 and with p satisfying (1.2).

3.1 wu(z,t) blows up for large ug.

We begin with construction of a nonglobal subsolution of the self-similar form
(31 we )= (T T, =,

(T —t)z-m¥D
where T' > 0 is a given constant. One can see that (3.1) is a subsolution if the
function 8 > 0 is such that

p—m 1

(3:2) ™)' (n) - m’?ol(n) T (m+ 1)9(77) >0
for n € {n > 0]6(n) > 0} and
(3.3) —(6™)'(0) < 67(0).

We claim that (3.2), (3.3) admits a solution of the form

1

m—

(3-4) O(n) = Ala—n)I™

for positive constants A, a. To see this we first observe that for some A,a > 0,
(3.2) holds with such 6(-) if

M ym- > __e*

(m —1)2 “2p-(m+1)

In order to verify this, we see after substitution that as long as 7 < a, (3.2) will
hold if

(3.5.1)

mA™~1 N (p—1)n a >0
(m=-1*  (m-1)2p-(m+1)) 2p—(m+1)~ "~
Likewise we claim that (3.3) will hold for such 8(-) provided

(3.5.2) APmgREr >

m-—1

for the same constants A, a. This is clear. If we now choose a = cA™! where
¢ < m(2p—m—1)/(m~—1)2, and then choose A sufficiently large, we see that both
(3.5.1) and (3.5.2) hold. Notice that with the choice of # in (3.4) the function
(3.1) is a weak subsolution of the problem considered, see [K]. Thus, if for any
given T and A, a satisfying (3.5) the initial function ug is such that

(3.6) uo(z) > u{z,0) for z >0,

then u(z,t) > u(z,t) in Ry x (0,T), and hence u(x,t) blows up in a finite time
which is not larger than T'.
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3.2 AnyuZ O blowsupifpo<p<m+1.

We now use the idea used for a different problem in [GKMS], see also
[SGKM, p. 208].

We first notice that problem (P,,) admits the following well-known self-similar
solution (the so-called Zel’dovich-Kompaneetz—Barenblatt profile K], [SGKM],
Chapter I):

T

(3.7) up(l) = (14 79(0), (= P

where 7 > 0 is an arbitrary constant and g > 0 satisfies

¢ 1

(3.8) (™" () + m—Hg'(C) + m—lg(C) =0,
(3.9) g9'(0) =0,

and hence

(3.10) 9(Q) = Cm(@ = )T T,

where ¢ > 0 is an arbitrary constant and

s
m—1 ]"‘—1

Cm = [m

The condition (3.9) implies that ug(z,t) is a subsolution to problem (P,y,).
By using well-known properties of weak solutions of problem (P,,) ([K]) we
deduce that there exists tg > 0 such that

(3.11) u(0,5) > 0.

Since u(x,tp) is a continuous function, there exist 7 > 0 large enough and small
¢ > 0 such that

(3.12) u(z,to) > ug(x,to) for z > 0.
Then by comparison we deduce that

(3.13) u(z,t) > up{z,t) forz >0, t > tg.
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We now prove that there exist t, > to and T large enough so that
(3.14) up(z,t.) > u(z,0) forz >0,

where u(z,t) is the subsolution given by (3.1) and (3.4). By using the space-
time structure of both functions ug(zx,t.) and u(z,0) given in (3.7) and (3.1)
respectively , we conclude that (3.14) is valid if

(3.15) (7 +t,) "7 >> T™H=D
and
(3.16) (T + £,) T >> TH-miD

One can see from (3.15), (3.16) that such ¢, and T large enough exist if
(3.17) T2p—21m+15 >> T2p—(_mm_+15

for arbitrarily large T. This implies that

1 p—m
2p—(m+1) 2p—(m+1)

(3.18)

i.e., p < m+ 1. Hence, if p € (pg, m + 1), every nontrivial, nonnegative solution
of (P,,) blows up in finite time.

3.3 Global small solutions forp > m + 1.

We shall seek a global supersolution of the self-similar form

—r z
3.19 a(z,t) = (T + )" f(n), = — 2 —
(3.19) a(z,t) = (T +1) fm), e

where the function f(n) > 0 is such that (cf. (3.2), (3.3))

(3.20) ™+ 5 nf'(n) + fn) <

-m
( +1) 2p — (m+1)

for p € {n > 0| f(n) > 0} and

(3.21) —(f™)'(0) > f7(0).
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It is easily seen that (3.20), (3.21) does not admit a solution of the form (3.4).
Therefore we shall look for a solution which is a translate of that given by (3.10):

(3.22) f(n) = Bg(n+b),

where B > 0 and b € (0, ¢) are constants. It follows from results given in [K] that
the function (3.19), (3.22) is regular enough to be a supersolution. By using the
fact that g(n + b) satisfies the identity

mA! :_; ' _; _
(3.23) (g™)'(n+b) = m+1(n+b)g(n+b) m+19(n+b), 0<n<c—b,

we conclude that function (3.22) is the solution of the inequality (3.20) if

g B __p-m
- J+0) [Er+n - L

+g(n+b) ! _B 0
g\ 2p—(m+1) m+1]~

for n € (0,c—b). By substituting the function g(n+¥b) given by (3.10) into (3.24)
we arrive at the inequality for z =+ b € (b, ¢):

1-B™ 1\ , 2 p—m
(3.25) —(—m_l )z +(m_12p_(m+1))bz

9 Bm—l 1
—C - <0.
m+1 2p—-(m+1))

Since p > m + 1 we can choose B > 0 such that

1
_m*+l __pmicn
2p—(m+1)
Now set
1 - B!
e = o,
m—1
ey = 2(p—m)
T (m=-1)2p - (m+1))
— 1 m—1 m+ 1
e3= —— -,
m+1 2p—(m+1)
and note that all of the e; > 0. Setting
_ 2 2 e2b
R(z) = —e12° + esbz — c®e3, 2z¢ =

261 !
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we see that for all z € R
2

R(z) < R(z,) = b* (6—2 - aze3) <0,
461

where we have set ¢ = ab for a = max(1, Ziﬁ).
Finally, we note that for the function defined in (3.22) inequality (3.21) is
equivalent to
—B™mg™ ' (b)g'(b) > BPgP(b).

Or (see (3.10)),

(3.26) (BC,)P~™(c? — b2) %=1 < 2bm1
—

or, equivalently,

_ —(m 9
(3.27) (BCp)P~™(a? — 1)50pEmst ¢ 2
m-~—1
which is valid if b > 0 is small enough and « is as above.
Thus, for p > m + 1 there exists a nontrivial global supersolution, and hence

a class of small global solutions satisfying u <@ in Ry x Ry.

Remark 3.1: The fact that if p € [O, %1] then the solution is global in time,
can be easily proved by comparison with a global self-similar solution for p =
m+l — Po:

= = po:

x

— (T+t) —-
(3.28) Ux (x’ t) =€ h(é)v §= BT+D)’

where T > 0, & > 0 are constants and 8 = ﬂ";—”ll The function h(§) > 0
satisfies

62) @+ Vewe) —ane) =0 forg>o,
(3.30) —(h™)(0) = kP (0).

There exists a unique compactly supported solution h # 0 to the problem (3.29),
(3.30), see [GP] and references therein. Therefore, for the case p = pg we can
choose T > 0 large enough such that ug(z) < u.(z,0) for £ > 0 and hence by
comparison v < u, in Ry x Ry, ie., u(z,t) is global. If p < po, then u,(z,t)
is a global supersolution whenever u,(0,t) > 1. Hence, we can also argue by
comparison.



Vol. 94, 1996 CRITICAL FUJITA EXPONENTS FOR HEAT EQUATIONS 137

3.4 AnyuZ0 blowsupifp=m+1.

Here we argue as in [G2]. Assume that for p = m + 1 there exists a global (in
time) nonnegative solution v # 0 to problem (P,,). Without loss of generality,
we may suppose that ug(0) > 0 and therefore

(3.31) up(x) > gz + b) = Oy (2 — (z +b)2) T

on R, provided that ¢ > 0 and b € (0, ¢) are sufficiently small. It is convenient
to introduce the rescaled function which corresponds to the space-time structure
of the self-similar solution given in (3.7):

(3.32) 0(C, ) = (1 + )= u(¢(1+t) 7, 1),

where 7 = In(1+41¢) denotes the new time. Then the function 4 is a global solution
of the problem

(3.33) 0, =A(9) = (Qm)cc + E‘%(Ce)g in Ry xRy,
(3.34) —(@™)=6mt"  for (=0, T>0,
(3.35) 8(¢,0) =up(¢) for ¢ >0.

Denote by 8({, 7) the solution of the problem (3.33)-(3.35) with initial data
g(z + b) given in (3.31). It follows from (3.31) that

(3.36) (¢, 1) > 8(¢,7)

on Ry x R, . Therefore @ is also a global solution.

We now discuss some important properties of (¢, 7). Observe first that since
8. is initially nonpositive and (Qm)c is nonpositive on the boundary, it follows
that 8(¢, 7) is nonincreasing in (.

PropPoOSITION 3.1: Let

-1

(3.37) 2= b2+ [(mz_%] "

Then 6((, 7) is nondecreasing in 7 on Ry x Ry.

Proof: First, we see that (3.37) implies the compatibility condition at the origin,
that is (3.34) also holds when 7 = 0. Now set z = §,. Then by regularity [K] we
have from (3.33), (3.34) that 2 satisfies

1

3.38 - = (mg™ !
( ) zr = (mf™ 2)cc + 1

(¢2)¢
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in the set {# > 0} and the boundary condition
(3.39) —(m8™ 12)e = (m+ 1)z

in the set {¢ = 0,7 > 0}. (Notice that §(0,7) > 0 by construction so that @ is
smooth on the boundary ¢ = 0 [K].)
Using identity (3.23) we obtain that the initial values for z satisfy

(3.40) 2(6,0) = A(g(¢ +b)
= ("¢ + Ve + g (Calc+ B

1
=——} b) >
—— gc(C+b) >0

in {g(¢ + b) > 0}.

Therefore the proposition will follow from (3.38)—(3.40) and the Maximum
Principle if we can show that a weak solution 8 is the limit as ¢ — 0 of a
monotone sequence {@,} of strictly positive classical solutions having the same
property as solutions of problem (3.33)-(3.35) with positive initial data 8 (¢, 0) =
max(e, g(¢+b)). (This is a rather standard regularization procedure [K].) In order
to avoid the extra regularity assumption g, € Cgf(Q) n CZ;I(Q) (@=Ry xRy)
which is necessary to justify the differentiation with respect to time, we use the

finite difference approximation of the time derivative

(CaT + h) - Qe(c’ T)
h b}

@) = & h>0

(see [S]). That is, we write a linear parabolic problem for (6,) instead of (6,)..
The conclusion then follows by first passing to the limit as h — 0 and then as
€ — 0 (cf. [SGKM, Chapter V}).

PROPOSITION 3.2: For any ( >0

(3.41) +00 > li1+n 0(¢,7)=F(() £0.

Proof: We argue by contradiction. Assume that (3.41) fails for some (o > 0 and
hence that lim,_, o 8({g, 7) = +00. Since 8 is non increasing in ¢, we conclude
that

(3.42) lim 8(¢,7) = +00

T—400
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uniformly on [0, (o]. However, this contradicts the estimates of subsection 3.1 as
follows: From (3.42) we conclude that after a finite time 75 = e¢ — 1, the profile
8(¢, 7o) in the original variables will satisfy (3.6) with suitable choices of T, A4, a
of the subsolution (3.1), (3.4). This implies that §(¢, 7), which was assumed to
be global, will blow up in a finite time which is not larger than In(1 + to + T').

ProPOSITION 3.3: Under the above hypotheses, the function F(-) in (3.41) is a
weak stationary solution of (3.33). That is,

(3.43) AF) = (F™)ee + ——(GF)c =0

for ¢ > 0.

Proof: This is an immediate consequence of the fact that the problem for 8

admits a Lyapunov function

/ [F(C) 7)) d¢ > 0,

where § > 0 is small and fixed. From Proposition 3.1 we see that &(-) is non-

increasing and lim,_,,, €(r) = 0. From regularity and monotonicity we also

/ / s)| d¢ ds

/1 8¢+ )11 5.4 ds < oo

In view of the known regularity of bounded solutions of the porous medium

conclude that

and hence that

equation [K], this estimate and Proposition 3.1 permit us to pass to the limit
as 7 — oo in (3.33) and hence establish (3.43). See also [LaP, G2] for a similar
analysis.

In order to finish the blow up argument in this case (p = m + 1) we observe
that the only self-similar solutions of (3.43) are of the form given in (3.10). (This
follows by uniqueness and a symmetrization argument.) In particular, F(0) (> 0)
is finite. Then, by passing to the limit in the boundary condition (3.34) for 6,
noting Proposition 3.1, and the regularity of F(-) in the region where F > 0 [K],
we conclude that

—(F™)¢=F™ for ( =0.
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However, functions of the form (3.10) with ¢ > 0 do not satisfy this boundary
condition. Thus such a bounded, stationary solution does not exist and hence the
stabilization (3.41) cannot hold. Therefore a global solution with initial values
satisfying (3.31) is not possible. This completes the proof in the critical case.

4. Proof of Theorem G

We shall follow the same format as in the proof of the preceding two theorems.
The constructions closely parallel (for a very good reason given in Remark 4.2
below) those of the preceding section and consequently the presentation will be
somewhat terse.

4.1 wu(z,t) blows up for large up.
We construct a self-similar weak subsolution of the problem (G,,) of the form

u(z,t) = (T — t) "7+ 0=776(n),

T
4.1) =~
( (T - t)smiD-2m

where T > 0 is a given constant which blows up ast — T~. Assuming that 8 > 0

is non increasing and sufficiently smooth, then it must satisfy the inequalities

1m—1g01 (p —m) ’ m
(4.2) (16'™16") () — m’ﬁ (n) — mo(ﬂ) >0
for n € {n > 0|6(n) > 0} and
(43) 1§/ (0)™16(0) < 7(0).

The system of inequalities (4.2), (4.3) admits the following compactly supported
solution:

= _
m—

(4.4) 0(n) = Ala—n)I™",

where the positive constants A, a are such that

m \" . ma
9. —_— > -
(45.1) (m—l) A “pim+1)-2m’

m
(4.5.2) o S g > ( i > .
m—1
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The first of these insures that (4.2) holds while the second insures that (4.3)
holds. As in subsection 3.1 one can easily check that such A, a exist for any
P > po.

The regularity of 8(n) in (4.4) is sufficient for u to be a weak subsolution of
problem (G,,). See [K]. (Indeed, we do not need the requirement that the sub-
solution have a continuous derivative u, on the corresponding interface.) Hence,
by comparison we deduce that the solution of (G,,) blows up in a finite time

provided there exists Ty such that

m

(4.6) uo(z) > u(z,0) = T~ 7mvi=2m A (a - xT_I’(_"L%;) "

“+
since then u(x,t) > u(x,t). It is clear that if up(-) is large enough, T >> 1 and
a << 1 can always be found so that (4.5) and (4.6) hold. The blow up time for

the corresponding solution of (G,,) cannot exceed T.

4.2 Anyu Z 0 blows up if po < p < 2m.
Problem (G,,) possesses self-similar solutions in R x Ry with u,(0,t) = 0 of

the form
u(z,t) = up(z,t) = (v +t) "7 g(£),
xr
(4'7) £ - (7‘:?)21""

where g > 0 solves the ordinary differential equation

(4.9 (191" 9') (€) + 50'(6) + 5-9(6) =0

and satisfies ¢’(0) = 0, g(0) > 0. The solution analogous to (3.10) is given by

(4.9) (€)= D (a7 - )™

. - [L(m=1\"]""
2m \m+1

By employing the same comparison arguments as in Section 3 (inequalities (3.11)-

)

(3.14)), we conclude that the solution u(z, t) blows up in a finite time (which does
not exceed to + t. + T') provided that there exist 7 + t. and T so large that

{(4.10) (r+ t*)‘_ﬁ >> T 5m—om
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and
(4.11) (1+1t,) 5 << T~ 7w,

Clearly, for fixed 7,t, both (4.10), (4.11) hold for T >> 1 if

p—m
4.12
(4.12) p(m+1)—2m<p(m+1)—2m’

that is, if pp = 73—1‘1 < p < 2m. From this we conclude that if p € (pg, 2m), every
nontrivial solution is nonglobal.

4.3  Global small solutions for p > 2m.
We next construct a global weak supersolution of the (self-similar) form (cf.

(4.1))

(s, t) = (T + )" 755 £ (1),

x
4.13) n=————
( (T + t)7miD-2%

where f > 0 satisfies

m

) 2mf(n) <0

(@19 (PP + =2+ pmi ) —2m

p(m+1)—-2m
forne {n>0|f(n)>0}and
(4.15) =" (@)1 f'(0) > 7(0).

Upon substitution of f(n) = Bg(n + b) with b € (0,d) into (4.14) (4.15), and
noting from (4.8) that

(1g1™~"¢Y (1 +8) = =5+ B)g/(n +5) = 5 g1 +)

we obtain (cf. (3.24), (3.26))

(n+b)B™! (p—m)y }

—g'(n+b) [ 2m ~p(m+1)-2m

(4.16)

m B™-1
b - <
+9(n+ )[p(m+1)—2m 2m ]_0
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for n € (0,d — b) and
m(p—1 m
—- m m ™m— 1
(4.17) (BDy ™ (4% —5) 7T < (&)
m-—1
Substitution of the formula for g(n + b) given in (4.9) into (4.16) leads to the
equivalent inequality (with z=n+b € (b,d))

‘(%%%*((m—(ﬁ)(ﬁmﬁl ) b

m—1
_ B m dm<0
2m  p(m+1) - 2m

Since p > 2m we may choose B > 0 such that

(4.18)

2m?2
419 ——————— <B™ <1
( ) p(m+1)—-2m<
Now set
l_Bm—l
=387 oy,
m—1
m+1 p—m
= 0
“2 m—lp(m+1)—2m> ’
_ ™1 m
63:

om  pmAl)—2m
and observe that under these circumstances (with d = ab and a > 1) (4.18) holds
if and only if

(4.20) R(z) = —e12™% + egbzm — (ab) ™ e3 < 0.
Now it is clear that R(z) is concave function of z= which takes its maximum at
b€2
Ze = ——————
(14 m)e;
Consequently R(z) < R(z,) < 0 provided
1
mil m e €2 ™ _m+l
4.21 m > — =a m .
( ) @ “m+1leg [(m+1)€1] @

We see that (4.17) will hold for & > max(1,@), provided b is chosen so small
that

m{p—1) m
—m m ™ — m —2m 1
(4.22)  (BDn)? (a—*—m‘ —1) TR (__”” >

" m—1
Thus we have established the existence of a nontrivial global supersolution and
hence completed the proof of Theorem G.
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Remark 4.1: If p = pp = 2m/(m + 1), then the problem (G,,) admits the global
self-similar solution (3.28) where 8 = a(m — 1)/(m + 1) and h(£) > 0 solves the
problem

(4.23) (1'I™2R') (€) + BER'(€) — ah(§) =0 for £ >0,
(4.24) —|R(0)|™ R (0) = hP(0).

Equation (4.23) may be easily transformed into a first order equation. A
simple analysis yields the existence and uniqueness of a nonincreasing compactly
supported solution A Z 0. By the usual comparison arguments this implies the
existence of global solution of problem (G,) if p € [1,p]. Notice that in this case
as well a similar comparison argument can be applied by using a supersolution
of self-similar form instead of the explicit solution.

Remark 4.2: Notice that we may reduce the equation (Gn,) to the equation
(P,). To see this, assume for simplicity that ug € C?, is nonincreasing and
has compact support. Then by the Maximum Principle ([K]), it follows that
uz(z,t) <0 in Ry X (0,7). Defining v(z,t) through

(4.25) w(z, 1) = / ~ o6, 1) de,

we deduce that v = —u, > 0 solves the initial boundary value problem
(4.26) vy = (V") e in Ry x (0,7),
(4.27) v(z,0) = —up(z) in Ry,

(4.28) w™(0, ) = ( /0 ” v(:c,t)dx)p for ¢ € (0,T).

Notice that the boundary condition (4.28) is nonlocal. Thus we arrive at the fact
that p. = 2m is the critical exponent for this problem. This result could also
be proved directly for problem (4.26)-(4.28) by using the comparison arguments
with sub- and supersolutions. These comparison principles can be applied to
this nonlocal problem since the problem generates a parabolic operator having
the correct monotonicity properties. However, the long-term goal of our research
is to extend the problems considered here to several space dimensions. In such
cases, simple reductions as given here are probably not possible and it is therefore
better to treat the problems separately.
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4.4 Any u # 0 blows up if p = 2m.
The proof is similar to that given in subsection 3.4 with g as in (3.31) given
by (4.9) and the rescaled function (cf. (3.32))

0(¢,m) = (1+ )7 u(C(1+1)7,1)
which is related to the self-similar solution (4.7). We omit the details.
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